Introduction {#Sec1}
============

Two-level system is not only the key element in various fields of contemporary physics, such as radiation-matter interactions and collision physics^[@CR1]--[@CR3]^, but also the fundamental building block of modern applications ranging from quantum control^[@CR4]^ to quantum information processing^[@CR5],[@CR6]^.

Moreover, the two-level system interacting with the periodically driven fields is an important prototype of a large number of quantum phenomena in nearly every subfield of optics and physics^[@CR3]^. One of the most simplest models is a two-level system driven by a monochromatic driving field. There are also numerous interests devoting to analyzing its dynamics as the appearance of artificial two-level systems in superconducting Josephson devices^[@CR7]--[@CR10]^, where the relevant parameters of the two-level systems can be tunable. On the other hand, a two-level system periodically driven by polychromatic driving fields results in many intriguing and important effects, *e.g*. dressed-state lasers^[@CR11]^, multiphoton processes^[@CR12]^, polychromatic electromagnetically induced transparency^[@CR13]^, large self-phase-modulation^[@CR14]^, subhalfwavelength atom localization^[@CR15]^, resonance fluorescence^[@CR16]--[@CR19]^, decrease of ion-phonon entanglement^[@CR20]^ and so on.

The exact analytical solution of driven two-level problem provides a more transparent dynamics of a physical system, and it plays an important role in abundance of applications, such as quantum computing^[@CR21]^, qubit control^[@CR22]--[@CR24]^, and coherent manipulations of quantum states^[@CR25]--[@CR28]^. Among a myriad of exactly soluble two-level evolutions, the famous examples might be the Landau-Zener model^[@CR29]^, the Rabi problem^[@CR30]^, and the Rosen-Zener model^[@CR31]^. And the importance of the latter has been demonstrated in the contexts of self-induced transparency^[@CR32]^ and qubit control^[@CR22],[@CR23]^. It is also generalized into various analytical controls^[@CR33]--[@CR37]^. Up to now, the exploration on the exact analytical solutions still continues^[@CR38]--[@CR42]^, *e.g*., Zhang *et al*.^[@CR40]^ investigated the exact solutions of the dipolar molecular system driven by different external fields with two-level Hamiltonian model. In addition, Xie^[@CR42]^ also introduced an exact analytical solution of a periodically driven multiple-parametric two-level model to demonstrate the Landau-Zener-Stückelberg-Majorana resonances.

Therefore, it is significant to derive out the exact solutions of a two-level system driven by a polychromatic driving field, since more than one amplitude-modulated laser is applied frequently. In this letter, we exactly work out a simple analytical solution of a two-level atom interacting with a polychromatic driving field. The polychromatic driving field consists of a central field with frequency *ω* and *N* pairs of symmetrically fields with frequencies *ω* ± *n*Δ, where the central field and the symmetrically fields resonantly and dispersively drive the transitions among the states of the two-level atom, respectively, and *n* denotes the *n*-th pair of symmetrically detuned fields (*n* = 1, 2, 3 ...). We find that, by means of adjusting the value of Δ, a rapid complete population transfer of the two-level atom can always occur, and then the bigger *N* the more stable the population after the transfer. And the limiting situation, *N* → ∞ is also discussed. In addition, we successfully achieve a seamless integration of Rydberg atoms and the polychromatic driving field to generate the Bell state and multipartite *W* state. Finally, we generalize the model to a Λ type atom interacting with a polychromatic driving field. Besides the analogous results to the two-level atom, we get that, the robustness of the three-level system against atomic spontaneous emission will be remarkably improved.

Derivation of the Exact Analytical Solution and Investigation of Relevant Parameters {#Sec2}
====================================================================================

Consider a two-level atom with a ground state \|*g*〉 and an excited state \|*e*〉, interacting with a polychromatic driving field of Rabi frequency Ω. The corresponding Hamiltonian in the interaction picture can be written as$$\documentclass[12pt]{minimal}
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In order to guarantee the monodromy of ln\[−exp(*i*Δ*t*)\], it can be divided into ln\[exp(*i*(2*m* + 1)*π*)\] + ln\[exp(*i*Δ*t*)\], among which *m* ensures that the values of ln\[exp(*i*(2*m* + 1)*π*)\] share the same Riemann surface with the one of ln\[exp(*i*Δ*t*)\] as time *t* goes by. For instance, when time evolves into 5*π*/2Δ and the principal value of ln\[exp(*i*Δ*t*)\] belongs to the range of \[2*π*, 4*π*), *m* needs to be 1 to make the principal value of ln\[exp(*i*(2*m* + 1)*π*)\] at the same region. Therefore, when Δ*t* ∈ \[2*m*′*π*, (2*m*′ + 2)*π*), *m* = *m*′ (*m*′ = 0, 1, 2 ...). Then ln\[−exp(*i*Δ*t*)\] = *i*Δ*t* + *i*(2*m* + 1)*π* + *i*2*lπ*, where *l* = 0, 1, 2 ... is from the periodicity of exponential function, and its meaning is different from *m*. Hereafter, we only consider *l* = 0. At last we can obtain the simplest solutions, $\documentclass[12pt]{minimal}
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                \begin{document}$$|{c}_{g}(t{)|}^{2}={\cos }^{2}[\mathrm{(2}m+\mathrm{1)}{\rm{\Omega }}\pi /{\rm{\Delta }}]$$\end{document}$. According to the simplest solutions for *N* → ∞, we set 2Ω/Δ = (2*j* + 1)/(2*k* + 1), and it can be concluded that: (i) While *j*, *k* ∈ ***Z*** and (2*j* + 1)/(2*k* + 1) ∈ ***Z*** (***Z*** denotes the set of integer), the population of \|*e*〉 will be stabilized at unity all the time, *i.e*. a rapid complete population transfer occurs. (ii) While *j*, *k* ∈ ***Z*** and (2*j* + 1), (2*k* + 1) are mutually prime, the population of \|*e*〉 will be stabilized at unity with Δ*t* ∈ \[(2*k*′*k* + *k*′−1)*π*, (2*k*′*k* + *k*′ + 1)*π*), (*k*′ = 1, 3, 5...). During the corresponding time, a rapid complete population transfer still occurs.

To demonstrate the above analyses, we plot the populations of state \|*e*〉 as functions of Ω*t* with the full Hamiltonian of Eq. ([1](#Equ1){ref-type=""}) governed by the Schrödinger equation. In Fig. [1(a,b)](#Fig1){ref-type="fig"}, we respectively consider *N* = 2 and *N* = 10 to investigate the populations of state \|*e*〉 with Δ = 2Ω and Δ = 2Ω/3, where the ratio of Ω/Δ satisfies the above conclusion (i). Compared with the situation, only one resonant central driving field (dash-dotted line) present, the population of \|*e*〉 with symmetrically fields possesses a higher probability to arrive at unity. We can also find that, the more *N*, the more identical to the conclusion (i) the behaviors of state \|*e*〉. Additionally, it is shown that for the conclusion (i), while *N* is fixed, the effect of the rapid complete population transfer will be better with *j* decreasing. In Fig. [1(c)](#Fig1){ref-type="fig"} we demonstrate the conclusion (ii) with *N* = 2. Although the system can't be steady at \|*e*〉 all the time, there are still enormous advances to stabilize the system at state \|*e*〉. Moreover, the stabilities of \|*e*〉 in Fig. [1(c)](#Fig1){ref-type="fig"} are superior to those in Fig. [1(a)](#Fig1){ref-type="fig"}. The former nearly exhibits a flat-top profile with *N* = 2.Figure 1The populations of state \|*e*〉 as functions of Ω*t* with different parameters, where the population is defined as 〈*e*\|*ρ*(*t*)\|*e*〉. The dash-dotted lines indicate the situations without symmetrically detuned fields. The initial states are all the ground state. The other relevant parameters of subgraphs are chosen as: (**a**) *N* = 2; (**b**) *N* = 10; (**c**) *N* = 2; (**d**) Δ = 2Ω and *δ* = 10Ω; (**e**) *N* = 2 and *γ* = 0.1Ω.

Distinctly, it is difficult to apply a large number of laser fields on a single atom. Fortunately, the experiments with four driving fields have been realized^[@CR43]^. And the special system can be also achieved by a multimode symmetric mode-locked laser^[@CR44]^ or a single-mode laser with electro-optic modulation^[@CR18]^. On the other hand, the achievement of the resonant coupling between the exited state and the ground state is complicated in experiment. Hence we suppose there is a detuning parameter *δ* in the process of applying the lasers to the atom. The Hamiltonian reads as$$\documentclass[12pt]{minimal}
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In Fig. [1(d)](#Fig1){ref-type="fig"}, we study the relations of *δ*, *N* and the population of \|*e*〉, where *δ* = 10Ω and Δ = 2Ω. It is reflected that while *δ* is large enough to suppress the population transfer for a common two-level system (dash-dotted line), we can introduce the symmetrically detuned fields to recover the rapid population transfer and stabilize the system at \|*e*〉, which can be more robust against *δ* with bigger *N*.

In Fig. [1(e)](#Fig1){ref-type="fig"}, we take into account the atomic spontaneous emission, which can be described by Lindblad operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{\rho }=-\,i[H,\rho ]+L\rho {L}^{\dagger }-({L}^{\dagger }L\rho +\rho {L}^{\dagger }L\mathrm{)/2,}$$\end{document}$ where *H* is the full Hamiltonian of Eq. ([1](#Equ1){ref-type=""}) and *γ* = 0.1Ω, *N* = 2. We can learn that, despite the curve of conclusion (i) (the solid line of Δ = 2Ω) more susceptible to dissipation, the population transfer of conclusion (ii) (the solid line of Δ = 6Ω) is slightly better than that of only one central field (dash-dotted line) present.

Preparation of the Bell State and M-qubit *W* state {#Sec3}
===================================================

As is well known, Rydberg atoms with suitable principal quantum number can achieve long radiative lifetimes^[@CR45]^, such as the 97 *d*~5/2~ Rydberg state of ^87^Rb atom with $\documentclass[12pt]{minimal}
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The model consists of *M* identical Rydberg atoms. Each atom has a ground state \|*g*〉 and a Rydberg state \|*e*〉, where the transitions \|*e*〉 ↔ \|*g*〉 are driven by a polychromatic field. The corresponding Hamiltonian is designed as$$\documentclass[12pt]{minimal}
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The *U*~*αβ*~ lies on the principal quantum number, angular degrees and interatomic distance. Fortunately, our scheme just requires $\documentclass[12pt]{minimal}
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In Fig. [3(c,d)](#Fig3){ref-type="fig"}, we introduce the atomic spontaneous emission again and discuss the evolutions of \|*e*〉 with different values of Δ respectively fulfilling conclusions (i) and (ii). The corresponding master equation can be written as $\documentclass[12pt]{minimal}
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                \begin{document}$${L}_{\mathrm{1(2)}}=\sqrt{\gamma \mathrm{/2}}|g(e)\rangle \langle r|$$\end{document}$ and *H* is from Eq. ([11](#Equ11){ref-type=""}). Besides the analogous results to the two-level atom, we get that, in Fig. [3(c)](#Fig3){ref-type="fig"} the robustness of the three-level system against atomic spontaneous emission is remarkably improved, which even excels the situation with only one resonant central field (dash-dotted line) present. Because the excited state \|*r*〉 will be adiabatically eliminated as the Δ fulfilling conclusion (i), where \|*c*~*r*~\|^2^ = 0 all the while.

Summary {#Sec4}
=======

In summary, we have successfully derived out a simple exact analytical solution of a two-level atom interacting with a polychromatic driving field. The situations of the limiting condition are also discussed. It can guide us how to realize a rapid complete population transfer from the ground state to the excited state, and make the system stable at the excited state. Combining the analytical solutions with the Rydberg atoms, we also prepare the Bell state and the multipartite *W* state. And the experimental feasibility is demonstrated via the current experimental parameters. Ultimately, the simple exact analytical solution is generalized into a Λ type atom interacting with a polychromatic driving field. In addition to the analogous conclusions to the two-level system, we find the three-level system owns a stronger robustness against atomic spontaneous emission. We believe our work provides a new opportunity for quantum information processing.
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